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Precomputed Frequency Modulated
Halftoning Maps that Meets the Continuity

Criterion
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Abstract

Frequency modulated halftoning techniques using 
computed threshold matrices have a clear advantag
their speed of operation. Iterative techniques gener
show more visually pleasing results but have very s
operation. This paper describes a technique that bri
the gap between the two techniques. It is based on a
computed set of optimized halftoning maps with a se
continuous transition in between. This results in a smo
halftoning of slowly varying tones without the grain
ness that threshold matrices usually exhibit. The te
nique is slightly more demanding in terms of requi
memory space but it compares favourably to sim
threshold techniques in terms of speed.

Introduction

In recent years several techniques has been devel
for frequency modulated halftoning. Unfortunately, t
methods giving the best results are also very time
manding. Examples of such methods are the Direct
nary Search (DBS) algorithm2 and the Hybrid Halftoning
method.2 The aim in both these methods is to minim
the perceived difference between the binary image 
the original continuous-tone image. This is done in
iterative manner forcing the error metric towards a lo
minimum. However, in applications where the time sp
on the halftoning process has to be minimized on
still forced to use techniques based on threshold m
ces. Although some very competent methods have b
presented in this area,3,4 they fundamentally suffers from
one significant drawback which is discussed below.

When halftoning homogenous tints, i.e. areas in
original image with constant tone value, we require t
the relationship between the area of the plate and
number of halftoning dots corresponds to the tone va
of the image. Further, we require that the halftoning d
are maximally spread over this area. Using a thres
matrix-based method, the second requirement can
be fulfilled for all possible tone values in the image. F
instance, assume that a halftoning dot has been prod
after the comparison between the image value and
threshold matrix at a certain position. For all image v
ues greater than, or equal to this value, the algori
will always produce a halftoning dot at this position. T
—Recent Progress in Digital Halftoning II
means that we restrict tint plates of higher values to h
dots at certain positions. Thus, tints produced by a thr
old matrix-technique will never exhibit patterns with t
dots maximally dispersed.

In our method we abandon this constraint and p
duce a halftoning map for every possible value in 
image. In each map the dots are maximally disper
thus producing tints with less graininess than thresh
matrices-techniques. For instance, if we were to h
tone images containing 256 tint values, we would p
compute 256 halftoning maps consisting of ones 
zeros only, and store these in a halftoning volume. When
halftoning the image we use the image value as an in
into the volume and simply copy the value of the ma
the corresponding position into the resulting image. Th
no comparison has to be done. However, if the prec
puted maps are optimized one by one, not conside
the other maps in the volume, we would get consid
able discontinuity effects when halftoning slowly var
ing shades. Therefore the halftone maps has to
correlated in some way. The correlation can be don
several ways of which we will present two in this pap

Several techniques to design tints with maxima
dispersed dots have been proposed in the literature
method for optimizing the individual maps is strong
akin to the void-and-cluster method.5 In this iterative
method the tint is low-pass filtered and the maxim
and minimum value of the result are localized. The 
sitions where these are found corresponds to a halfto
dot and a ‘hole’. To improve the quality of the tint, i.e. g
more dispersed dots, the dot and the hole simply switch
places. Another way to get optimized tints is to des
the tints in the Fourier domain. The advantage with 
technique is the instant control over the frequencie
the tint. It is for instance possible to omit the low f
quencies which gives unpleasant grainy effects.

Computing the Halftoning Maps

The fundamental idea is to let every possible value
the original image be represented by an unique halfto
map and to store these maps together in a halftoning
volume. Every map in the volume is accessible at a
time through an index which is given by the tint va
the map corresponds to. The size of the maps ma
arbitrary, but should be the same for all maps in 
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volume. Each map will consist only of ones and zer
where the ones corresponds to producing a halfton
dot in the resulting image. So for instance, assuming 
a gray-scale image should be halftoned, the halfton
map for a totally white tint will consist only of zero
and a map representing a 33% black tint would con
of twice as many zeros as ones. Two criteria mus
considered when constructing these maps:

•C1 The dots should be maximally dispersed to av
graininess.

•C2 Maps close to each other in the volume mus
correlated, i.e. approximately hold the same p
terns to avoid unpleasant discontinuity effec

In threshold matrix-techniques the criterion C2
by definition always met, but again, C1 can not be m
for all tone values. In our method we will try to me
both criteria even if they, in some sense, are in con
diction with each other.

To compute a map that meets C1, we start wit
binary pattern generated from a thresholded white n
image. The ones and zeros in the result from this op
tion are rearranged until the ones are maximally spre
thus we produce a map with blue noise properties. 
rearrangement can, as mentioned in the introduction
done in several ways. We have chosen to make the 
rangement according to the following.

Optimization of the Halftoning Maps
The rearrangement process starts with the map,1,

given by the threshold operation above. The following st
are iterated until no further change occur in the map wh
will give us a map with the desired properties.

• Convolve M1 circularly with a Gaussian kernel, fo
instance:

    
g x y e x y

otherwise

x x y y

( , ) ,(( ) ( ) ) /

= ( ) ≤





− − + −0
2

0
2

0

α β
(1)

where α and β is depending on the size of the map a
the tint value to be computed. This operation produc
low frequency image of the map, LP1.

• Overlay LP1 with the map itself (i.e. pixel wise mul
tiplication), and find the maximum value from th
result. Its position corresponds to a badly plac
‘one’ (a halftoning dot) in the map. Remove this d
which gives us M1

*.
• Make a locally deconvolution of LP1 around this

position, i.e. subtract the kernel from LP1 at this
position, giving LP1*.

• Overlay LP1
* with (1 – M1

*) and find the minimum
value. Its position corresponds to a badly placed z
in the map. Replace that zero with a one which gi
us a new map M2. Finally locally convolve LP1*

with the kernel (i.e. add the kernel at this positio
which gives us the low frequency image of M2, LP2.

• Iterate from the second step (now using the la
computed map) until no further change in the m
occur, i.e. until a chosen dot is placed back at
original position.
,
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In the operations above we move badly placed d
to a position as far away as possible from any other 
The circular convolution gives us the desired wr
around effect which allows us to tile the maps to h
tone the entire image.

Ensure Continuity
When halftoning slowly varying shades, we must m

sure that the halftoned image gives an impression of c
nuity. To be able to do this we have to meet the sec
criterion, C2. We propose two methods for doing this.

In the first method (Method 1) we simply derive the
maps from the same white noise image but with dif
ent threshold values. The threshold value is chose
give a correct relationship between ones and zeros. 
simple procedure actually will produce maps with sim
lar patterns, at least for maps close to each other in
volume. The advantage with this method lies in the 
that all maps in the halftoning volume will be optim
i.e. the dots in each map will be maximally dispers
On the other hand, we do not have total control over
patterns produced which possibly could lead to an
too great difference in two adjacent maps.

In the second method (Method 2) we try to remedy
this artifact by designing the maps at the dot level.
stead of optimizing all of the maps, as in the first meth
certain maps, separated by a specific number of in
mediate maps, are optimized. The optimization of th
are done in the very same manner as above. The ma
between are given by interpolation which is done fr
the map with fewer dots, Ma, towards the next optimize
map in the volume, Mb, according to the following.

Every dot in Ma is matched with the closest dot 
Mb (Euclidean metric). The remaining, unmatched d
in Mb, are stored for later use. To compute the next m
in the volume Ma+1, we let every dot in Ma move closer
to its matched dot in Mb. The length of the step to mak
is determined by dividing the distance between the 
matched dots with the number of maps between Ma and
Mb. Finally, to get the required tint value, some of 
previously stored dots are added to the map. The c
putation of the next maps is done in a similar man
but now by moving the dots in the latest computed m
closer to the dots in Mb.

Since we move each dot individually we are ensu
that maps close to each other in the volume holds a s
lar pattern, thus, the continuity criterion is met. Furth
more, the interpolation is always done between 
optimized maps, if the distance between them is not
large, the maps in between should not be far from o
mal. However, the interpolated maps are not perfe
optimized which could give the undesired grainin
effect in some tints. To avoid this problem, thus prod
ing better maps, we may be more careful when mov
and adding the dots. For instance, we could let the 
and the direction of each step vary within certain lim
allowing the dots to be positioned as far as possible f
every other dot in each step. In the same manner
may be more careful when choosing which dots to 
and even to let these be moved a short distance a 
from their given position, all this to produce maps wh
the dots are as dispersed as possible.
Chapter III—Algorithms—177
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Figure 1. The original image is a 256-step gray-level wedge where every tint is 4 pixels wide. The wedge has been h
using: a) Conventional clustered dot halftoning, b) Optimized maps without correlation, c) Interpolation between op
maps (Method 2, described in text) d) Optimized and correlated maps (Method 2, described in text) e) A commercial 
Error Diffusion method.6
178—Recent Progress in Digital Halftoning II
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Results

In the following examples we have felt obliged to om
results from threshold matrices-techniques. The res
we have produced with this technique are poor an
would not be relevant to compare these results with
following examples. Instead we have chosen to comp
our method to a conventional clustered dot method 
to a commercially available error diffusion method4,5

The halftoning volumes used in the following examp
consists of 256 maps where each map has the siz
128 × 128 pixels. Please note that since the parame
of the reproduction process are unknown to us, non
the examples have been compensated for dot gain. T
when comparing the examples produced with cluste
dot to the ones produced with dispersed dot, the la
will appear darker since the effect of the dot gain
greater in such techniques.

Figure 1 shows the results from halftoning a 2
step gray-level wedge with 5 different techniques. T
first figure shows the result from a conventional cl
tered dot technique. In all of the next three figures
c), and d) the wedge has been halftoned with the me
discussed in this paper but with different policies wh
computing the maps. In the first of these figures, fig
b), the computation is done without the necessary 
relation between the maps. The result is a noisy im
with unpleasant discontinuities. In the second figure,
maps are computed with the interpolation technique 
cussed above (Method 2) which results in a smoothe
shade without the undesired discon-tinuities. Finally
the third figure, all of the maps are optimized and co
lated according to the above (Method 1). This method
provides a similar result as the second but gives an 
better result at pixel level. For instance, it produces t
with even less graininess. From this point onwards,
examples referred to as produced with our method, h
all been halftoned with Method 1. The last figure, figure
e), shows the result from an error diffusion method.

Figure 2. Tints halftoned with a commercial available Err
Diffusion method.6

The error diffusion method provides a smooth a
pleasant result without discontinuities. Though scr
nizing the image, even if not that disturbing, the typi
patterns for error diffusion methods are visible in 
result and these become even more obvious w
t
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halftoning larger tints as shown in Figure 2. The typi
patterns are easily detected in low tint values and in
50% tint the method gives a poor result with disturb
regularities.

Since our method (Method 1) is based on maps tha
all are optimized, the result when halftoning larger ti
will still be optimal. This is shown in Figure 3 where th
same tints as in Figure 2 has been halftoned but now
expected, the result is more pleasant and without 
obvious artifacts.

Figure 3. Tints halftoned with method described in text

The last examples is two non-synthetical imag
The first is a close up of a detail (Figure 4) and the s
ond is an object from a natural scene (Figure 5). 
comparison, we also provide the results from a conv
tional clustered dot method.

Discussion

When the halftoning volume is computed, the halfton
process is done in a table look-up manner which giv
great speed to the process. Due to this simplicity 
method is very suitable for hardware implementati
This means that apart from the resampling process, w
we always have to make to get the desired output r
lution, we are able to produce the halftone dots at
same rate as we get the image information. Furt
knowing the properties of the printer and the pape
use, we may compensate for the dot gain already w
computing the maps, thus introducing the dot comp
sation directly into the halftoning process. The comp
sation may be done for each tint individually whi
implicate that each tint printed should correspond w
to the original.

One drawback with this halftoning technique is th
it requires more memory than a threshold matrix-ba
technique. For instance, if we were to halftone an im
containing 256 tone values, our method would requ
32 times as much memory as a conventional threshol
method using the same matrix size.

The results produced with the method discusse
this paper has encouraged us to consider halfton
colour images using this technique. There are, of cou
additional problems when introducing colour, but we b
lieve that these problems are far from invincible and t
our method is well suited for colour as well.
Chapter III—Algorithms—179
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Figure 4. A close up a halftoned detail. a) Method 1, describe
text b) Conventional clustered dot method.
180—Recent Progress in Digital Halftoning II
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Figure 5. An object from a natural scene. a) Method 1, descri
in text b) Conventional clustered dot method.
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Conclusion

With the frequency modulated halftoning technique p
sented in this paper, we have shown that it is possib
break the constraints of order dithering and let every
be individually optimized without introducing unplea
ant discontinuity effects. Further, the method prod
tints without the graininess that threshold matrices u
ally exhibit and thus, produce halftoned images of 
proved quality. Since the halftoning procedure is d
in a similar manner to ordered dithering, the techni
can be used without any reduction in speed. The
amples shows the increase in image quality compar
conventional techniques and also indicates the pote
of this method. Finally, the advantages and drawba
of this new technique were discussed.
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